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Abstract. We consider the Cauchy problem for the 2D and 3D Klein- 
Gordon-Schrodinger system. In 2D we show local wcll-poscdness for Schrodin- 
ger data in H B and wave data in H" X H' 7-1 for s = —1/4+ and a = —1/2, 
whereas ill-posedness holds for s < —1/4 or o~ < —1/2, and global wcll- 
posedness for s > and s — i < <r < s + ^. In 3D we show global well- 
posedness for s > , s — i < <r < s + 1. Fundamental for our results are the 
studies by Bcjcnaru, Herr, Holmer and Tataru [S], and Bejenaru and Herr [3] 
for the Zakharov system, and also the global well-posedness results for the 
Zakharov and Klein-Gordon-Schrodinger system by Colliander, Holmer and 
Tzirakis [5]. 



1. Introduction and main results 

We consider the Cauchy problem for the Klein - Gordon - Schrodinger system 
with Yukawa coupling 

idtu + Au — nu (1) 
8 2 n + (l-A)n = \u\ 2 (2) 

with initial data 

w(0) = u , n(0) = no , d t n(0) = n x , (3) 
where u is a complex-valued and n a real- valued function defined for (x, t) £ 
R 15 x [0, T] , D = 2 or D = 3 . This is a classical model which describes a 
system of scalar nucleons interacting with neutral scalar mesons. The nucleons are 
described by the complex scalar field u and the mesons by the real scalar field n. 
The mass of the meson is normalized to be 1. 

Our results do not use the energy conservation law but only charge conser- 
vation ||u(t)||i2(RD) = const (for the global existence result), so they are equally 
true if one replaces nu and \u\ 2 by — nu and/or — \u\ 2 , respectively. 

We are interested in local and global solutions for data 

u e H s {m D ) , n e H a (R D ) , m e h*- 1 ^ ) . 

In the case D = 3 local well-posedness in Bourgain type spaces was proven 
by the author 10J under the assumptions 

1 1 „ 3 

S > , <T > -- . (T - 2S < - , CT - 2 < S < £7 + 1 . 

4 2 2 

Moreover it was shown that up to the endpoints these conditions are sharp. 
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Global well-posedness in D = 3 in spaces of Strichartz type was shown by 
Colliander, Holmer and Tzirakis |5i in the case s = a > 0. This is also true in 
D = 2 by similar arguments. Unconditional uniqueness in the natural solution 
spaces in this case also holds [TP] . 

In the case D = 2 we are now able to show that local well-posedness in 
Bourgain type spaces holds under the same assumptions as in D = 3 including the 
case a = — | (Theorem II. ip . The ill-posedness statement also carries over to the 
case D = 2 (Theorem |L2"|) . 

We also show global well-posedness in D = 2 for uo G L 2 , no G H a , 
rii G H a ^ 1 , if — i < cr < |, and more generally for uo G H s , n € i/' 7 , 
ni € H* 7 " 1 , ifs>0,s-|<cr<s+| (TheoremrOJ). 

In the cases D = 2 and 13 = 3 we show global well-posedness in the case 
< s < a < s + 1 in spaces of Strichartz type (Theorem 11.41) , and in the case 
s>0,s — i<cr<sin spaces of Bourgain type (Theorem II .5[) . 

In any of these cases unconditional uniqueness holds ifs,er>0inZ3 = 2 and 
D = 3 (cf. Theorem 11.31 and Theorem ll.6l respectively). 

The results in this paper are based on the (3+l)-dimensional estimates by Be- 
jenaru and Herr [3] which they recently used to show a sharp well-posedness result 
for the Zakharov system. We also use the corresponding sharp (2+l)-dimensional 
local well-posedness results for the Zakharov system by Bejenaru, Herr, Holmer 
and Tataru [2]. 

Concerning the closely related wave Schrodinger system local well-posedness 
in D = 3 was shown for s > — j and a > — and also global well-posedness for 
certain s,a < by T. Akahori [T]. 

We use the standard Bourgain spaces X m ' b for the Schrodinger equation, 
which are defined as the completion of S (M. D x R) with respect to 

wf\\ xm , : = \\(o m (T+\e) b m,T)\\ L ^. 

Similarly X±' b for the equation idtn±^A 1 / 2 n± = is the completion of ^(R 13 xR) 
with respect to 

WfWx^ '= \\(O m (r±\^\) b mr)\\ L ^. 

For a given time interval / we define ||/||x m ' , (/) : — m f/ |/= / ll/llx™- 6 an d similarly 
11/11 x m - b (i) ■ W e often skip / from the notation. 

In the following we mean by a solution of a system of differential equation 
always a solution of the corresponding system of integral equations. 

Before formulating the main results of our paper we recall that the KGS 
system can be transformed into a first order (in t) system as follows: if 

(u,n,d t ri) G C°([0,T],H s ) x C°([0, T],H a ) x C°([0, T], iJ CT ~ 1 ) 

is a solution of ^ , © , (O with data (u ,n ,ni) G H s x H a x H a ~ 1 ,then defining 
A := -A + 1 and 

n± := n ± iA~^ dtn 

and 

n± := no ± iA~^n\ G H a , 

we get that 

(u,n+,n-) G C°{[0,T],H s ) x C°([0, T], H a ) x C°([0, T], H a ) 
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is a solution of the following problem: 

idtU + Au = — (n + — (4) 

id t n±TA 1 / 2 n± = ±A~ l / 2 {\u\ 2 ) (5) 
it(0) = Mo , n±(0) = n±Q := no ± iA~ x l 2 n\ . (6) 
The corresponding system of integral equations reads as follows: 

u(t) = e itA u a + l- [ e^-^ A (n + (T)+n-(T))u(T)dT (7) 
^ Jo 

n±(t) = e* itAl/2 n± ±i f e^-^ 2 A- l ' 2 {\u{r)\ 2 )dr . (8) 

Jo 

Conversely, if 

(«, n+, n_) G X s < 6 [0, T] x X^ b [0, T] x JT' 6 [0, T] 

is a solution of (HJ),© with data u(0) = uo G H s and n±(0) — n±o G H a , then 
we define n :— \{n+ + n_) , 2iA~^dtn := n + — n_ and conclude that 

(t*,n, Attn) eX s - b [0,T] x (X£ 6 [0, T] + X°' b [0, T]) x (_X^ _1 ' 6 [0, T] + X a _~ 1 ' b [0, T]) 
is a solution of ([T]),([2]) with data u(0) = uq G and 

n(0) = n = i(n+(Q) + n_(0)) G IT , 5 t n(0) = ~A*(n+(Q) - n_(0)) G tf^ 1 . 

If (u,n+,n_) G C o ([0,T],ff s )xC ([O,T],F CT )xC o ([0,T],F cr ) , then we also have 
(u,n,$n) G C°([0,T],H s ) x C°([0, T], x C°([0, T],H a ~~ 1 ) . 

Our local well-posedness result in 2D reads as follow: 

Theorem 1.1. The Klein - Gordon - Schrddinger system in 2D is 

locally well-posed for data 

u Q G H s (R 2 ) , n G H a (R 2 ) , m G H"' 1 ^ 2 ) 

under the assumptions 

1 1 „ 3 

s > --, a > -- , a - 2s < - , a - 2 < s < a + 1 . 

More precisely, there exists T > , T — T{^uq\\h«, ||tio||h°') II^iIIh' '- 1 ) o,nd a 
unique solution 

u G X s ^+[0,T] , 

n G Xl^ + [0,T] +X^ + [0,T] , d t n G X+ -1, * + [Q, T] + X^ _1 '* + [0, T] . 

T/us solution has the property 

u G C°([0,T],/f s (l 2 )) , n G C°([0,T],iJ ,T (R 2 )) , <9 4 n G C°{[0,T],H a - 1 {R 2 )) . 

Under the additional assumption s, a > we also have (unconditional) uniqueness 
in these latter spaces. 

These conditions are sharp up to the endpoints. We namely have the following 
result, which can be proven exactly as in the case D = 3. 

Theorem 1.2. Let u G H S (R 2 ) , n G H a (R 2 ) , m G H^-^R 2 ) . Then the flow 
map (t«o,no,ni) h> (u(t),n(t),dtn(t)) , t G [0, T] , does not belong to C 2 for any 
T > , provided a — 2s — § > or s < — | or a < — i . 

The global well-posedness result for D = 2 in the case of L 2 -Schr6dinger data 
is the following 
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Theorem 1.3. The Klein - Gordon - Schrddinger system {IP,®,® in 2D is 
globally well-posed for data 

u Q G H S (R 2 ) , n Q G H a (R 2 ) , n x G ^^(R 2 ) 

under the assumptions 

1 3 
s>0, s- -<a < s+-, 

i.e. for any T > there exists a unique solution 

u G X s ^ + [0,T] , 

n G Xl^ + [0,T}+ X^ + [0,T] , d t n G X+ _1 '* + [0, T] + X! _1 '* + [0, T] . 

TTws solution has the property 

u G C°([0,T],.EP(R 2 )) , n G C°([0,T],iJ ,T (R 2 )) , d t n G C°([0, T], fP-^R 2 )) . 

Under the additional assumption a > we also have (unconditional) uniqueness 
in these latter spaces, especially there exists a unique global classical solution for 
smooth data. 

A global well-posedness result in 2D and also in 3D in the range < s < 
a < s + 1 can be proven without using Bourgain type spaces but only Strichartz 
type estimates. 

Theorem 1.4. Let the space dimension D be 2 or 3. Assume 0<s<a<s + l 
and uo G H s , uq G H a , n\ G H" . Then the Klein - Gordon - Schrddinger 
system (OP;®;® *s globally well-posed, i.e. for any T > there exists a unique 
solution 

ueC°([0,T],H s )n p| L«((p,T),H'' r ), 

2<r<oo,2<g<oo 

»eC°([0,T],r), dtneC ^,!];^- 1 ), 
W herel + Z = R. 

For negative a we have to use Bourgain type spaces again. 

Theorem 1.5. The Klein - Gordon - Schrddinger system (QP, (0), (0) in 3D is 
globally well-posed for data 

u G H S (R 3 ) , n G iT(R 3 ) , n x G fP _1 (R 3 ) 

under the assumptions 

s > , s — - < a < s , 
2 

i.e. for any T > there exists a unique solution 

u G X s ^ + [0,T] , 

n G X^ + [0,T] +X a _^ + [0,T], d t n G X+ _1 '' + [0, T] + x! _1,i+ [0, T] . 

This solution has the property 

u<EC°([0,T],H s {R 3 )),n G C°([0, T], iJ CT (R 3 )) , <9 t ri G C°([0, T], iJ CT_1 (M 3 )) . 

Remark: It would be desirable to have a similar result in the case s = , 1 < 
a < | as in the case D = 2, but our estimates given in spaces of Bourgain type 
seem to be not quite strong enough to prove this. 

Combining this with the unconditional uniqueness result [TU] in the case 
s = a = we also get 
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Theorem 1.6. Assume s,<7 > and s — ^ < a < s + 1 and uo G H s , no G H a , 
n\ G H a ~~ x . Then the Klein - Gordon - Schrddinger system (EPjCH^EiP i n 3D has 
a unique global solution 

u G C°([0,T],H s ), n G C°([0,T],H a ) , d t n G C°([0, T]\H C! ^ 1 ) . 

Concerning the standard facts for the linear Cauchy problem (which are 
independent of the specific phase function) in spaces of Bourgain type we refer to 
[7J Section 2] or [5]. We also use the following well-known fact [51 Lemma 1.10], 
which we prove for the sake of completeness. 

Lemma 1.1. If s G R , T < 1 , < b' < b < \ or > b > b' > -\ , the following 
estimate holds: 

IMIx*.»'[0,T] ^ T b - b '\\u\\ X s,»{0,T] , 

Proof. Let i\) be a smooth time-cutoff function , ipr{t) = VKy )■ an d < b' < b < I. 
By the well-known Sobolev multiplication law in ID we get for < s < si, s% and 
s < si + s 2 - §: 

||/ff||H.<||/lk-i||fl||ir. a . 

Thus 

Utu\\ h « < \\ifr\\ Hi - lb - b .,\\u\\ H} <T b - b '\\u\\ Hi , 

so that 

Utu\\ x ^ < \\e- itA i> T u\\ HrHS <T»- b '\\e- itA u\\ HlHi = T b ~ b ' \\u\\ xa , b , 

which is enough to prove the claimed estimate. The case 0>6>6'>— i follows 
by duality. □ 

This obviously also holds for the spaces X± b . 

The wellknown Strichartz estimates are collected in 

Proposition 1.1. (Schrddinger equation) 

Let 2 < q,q < oo , 2 < r,r < oo ( excluding r, f = oo in the case D = 2). 

f + T = f' f + f = f > 7- + t t = 1 = \ + w- Then f° r an y mterval 1 = (°' T ) ; 

\\e ±itA u \\ LUltLl) < \\u \\ Ll , (9) 
1 e ± ^'^u{s)ds\\ L , (I ^ < |[«|| if(JfLsr (10) 
(Klein- Gordon equation) for D > 2 : 

Let2<q,q<oo,2<r,f<oo,l + ^ = 2 T ±,l + ^ = ^,l + ± T = 
1 = i + ir, n = D{\ - i) - i , ii = 1 + p - D{\ - i) + |. Then for any interval 
7=(0,T); 

He^-^olU^S) ^ Nll^' ( u ) 
±i(*-)(i-A)^ (1 _ A) -i u(s)rfs || i?(J)Ls) < HuH^^^j, (12) 



where the implicit constants are independent of I. 

In the Klein-Gordon case the proof of (TTTT) can be found in 0. The proof 
of (fT2)) then follows by the well-known TT* - method, as described in [6], in 
combination with the Christ-Kiselev lemma [4] . In the Schrodinger case (|10p follows 
in the same way from the standard estimate ([9]). 

We use the following notation. The Fourier transform is denoted by ^or T , 
where it should be clear from the context, whether it is taken with respect to the 
space and time variables simultaneously or only with respect to the space vari- 
ables. A < B and A > B is shorthand for A < cB and A > cB, respectively, with 
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a positive constant c, and A ~ B means that A < B and A > f?. For real numbers 
a we denote by a+ and a— a number sufficiently close to a, but larger and smaller 
than a, respectively. 



2. Local well-posedness for D = 2. 

We now formulate und prove the decisive bilinear estimates. We follow closely 
the arguments and notation from [3J. 

Proposition 2.1. The following estimate holds 

IMI x o,- A - < IMI x o, A+ IMI x -i, A +. 

Because we are going to use dyadic decompositions of u and v we take the 
notation from [3] and start by choosing a function ip G Cq°((— 2, 2)) , which is even 
and nonnegative with ip(r) = 1 for \r\ < 1. Defining ipN(r) — V'(w) — ^(w) f° r 
dyadic numbers N = 2™ > 2 and -01 = "0 we have 1 = Xwv>i ^JV • Thus suppipi C 
[-2,2] and supp^ N C [-2JV, -iV/2] U [iV/2,2iV] for TV >~2. For / : R 2 -» C we 
define the dyadic frequency localization operators Pat by 

^.(iV/)(0 = ^(l€l)^x/(0- 

For it : I 2 x R 4 C we define the modulation localization operators 

T(S l u){^t) = ^ L {T + \i\ 2 )Tu{tT) 

F{Wtu){tr) = Mt±\£\)Fu{^t) 

in the Schrodinger case and the wave case. 

We also define an equidistant partition of unity in R, 

i = E ft > ft ^ = ^ - ^ s - fc ^ x • 

jez fcez 
Finally, for A £ N we define an equidistant partition of unity on the unit circle 

1 = eV . ft 1 w - ft (— ) + ft-^(— ) • 

Then supp((3^) C 0^ , where 

9/ := - 2), ^(j + 2)] U [-7T + ^(j - 2), -tt + i(j - 2)] ■ 
Now we introduce the angular frequency localization operators by 

where £ = |£|(cos0, sin#) . For A £ N we can now decompose u : R 2 x M — > C as 

A-l 

Proof of Proposition \2.1\ Defining 

I(f,9i,92) = / f(&,T 3 )g 1 (£ 1 ,T 1 )g 2 {£2,T2)d£ 1 d£,2d£,3dT 1 dT2dT 3 , (13) 

where * denotes the region {X};=i & = J3i=i T » = 0} we have to show 
\I(n,ui,u 2 )\ < ||«i[| x o,^ I+ ||M2|| jr o,A+ll n ll ■ 
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We use dyadic decompositions 

Uk= E S Lk P Nk u k ,n= E W^P N n. 

N k ,L k >l N,L>1 

Defining 

g L k ,N k = ^S^p^ f ft,N = FW ±p Nn 

we have 

N,N lt N 2 >l , L,Li,L 2 >l 

Case 1: Ni~ N 2 >N> 2 10 . 
Fix M = 2 _4 A r i and decompose 

T(f L - N „ L uNi L 2 ,N 2 \ 
1 \J )J/l j£/ 2 J 

E J^N^M^^ (14) 

0<ii,i2<M-l,|3i-j a |<16 

+ E E HfW^nAh^MAh). 

64<A<M 0<ji,j 2 <A-l , 16<|ji-j 2 |<32 

The first sum is estimated using [31 Prop. 4.7] by 

The second sum is treated using [2J Prop. 4.4 and Prop. 4.6] and A < M <C N%. 
We distinguish two cases. 

a. L,L-l,L 2 < Nl 

We define a :— 2~ 4 min((^) 5 Ni max(ii, L 2 , L)~? , Ni). The part where A < a 
can be estimated for fixed A using [3J Prop. 4.4] by 

JVT* (^) 4 (-ti^a-t) * ll/^ Hi- llfff IU- H^'^^- . 

Summing over 64 < A < a and ji,j 2 and using YleA<A<a^ ~ a ^ we 
the bound 

Next we consider the part A > a. It is estimated using [3J Prop. 4.6] by 

N-i(^)HLiL 2 L)i max(L u L 2 ,L)-i\\f L > N \\ L2 \\ g ^ A * \\ L2 \\g^ N ^ \\ L2 . 

Summing over a < A < N\ and ji,j 2 and using Xm>q ^ _3 ~ a - ^ we get the 
bound 

i l l A JV 1 —A l 

(i 1 i 2 i)5max( J L 1 ,i 2 , J L)-2iV-2iV 1 =(_)4Ar i * max(L 1; L 2 , L)3 • 

iVi 

•II/^IMI^IlHI^ 2 !!^ 

< AT* (|-)* (LxLaL) A H/^IUs || ff2 L2 ^ \\„ . 

b. max(Li,L 2 ,i) > N%. 

Prop. 4.6] gives the following bound for fixed A: 
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Summation over 64 < A < N± and j\ , j 2 using ^ A 2 < 1 gives the bound 



iV^7V 1 -(L 1 i 2 L)A+|| / ^A'|| L2 || ff f 1 ^|| L2 ||^^|| J 



Case 2: Ni < iV 2 or iV 2 <C iVi. 
Using [2j Prop. 4.8] we get the bound 

(ixXai) * min(^, H/^'^IU- ||flrf l,JVl ]|^ 11^^' IU> - 

Case 3: TV < 1 (=> JVi ~ iV 2 or N U N 2 < 1). 
Prop. 4.9] gives the bound 

(£i£ 2 £)* ll/^IU* llfff 1 ^ 1 IMI^ 2 '" 2 IU". 

In any of these cases dyadic summation over L\,L 2 ,L and N\,N 2 ,N gives the 
desired bound. □ 

Proposition 2.2. Assume s > — i, a > — s < er + 1 . TTiera £/ie following 
estimate holds: 

IM[ x ..-i + <ll«|| x .. 4 -||n|| xri _. 

Proof. We have to show 

|/(n,ui,M 2 )| < ||wi|| Jf3 ,i_||u2|| x _ a ,i-||n|| x<ri i_ . 

Using dyadic decompositions as in the proof of Proposition ^ . 1 1 we consider different 
cases. 

Case 1: N t ~ N 2 . 

This case can be treated by using Proposition 12.11 directly. 
Case 2. 1 < Ni < N 2 iV ~ iV 2 ). 
We have 

L moa: :=max(i,ii,L 2 ) > In + laP+^+l^^+raifell = H6| 2 +|6| 2 ±l6li > ^1- 

Using the proof of Prop. 4.8] we consider three cases. 
a« £ — L max . 
We get 

\T(f L - N r, Ll ' Nl ^2.*^ 

J U iWl ;i/2 71 

< £f 4(^)* ll/ i,Jv IU= H uNl IU= ll<? 2 2,JVa IU» 

< (L 1 L 2 L)^iV 2 - 1 +(^)^||/^|| L2 ||. 9 f 1 ' Ari |U 2 |l3 2 L2 ' JV2 |U 2 • 

b. ^i = L max . 
Similarly we get 

\I(f L ' N ,9^ N \9t N2 )\ 

JV 2 

c £ 2 = L max . 

< (Li^^^-^-^ii/^iUHI^^II^II^ 2 ^ 2 !!^ • 



< (L 1 L 2 L)^iV 2 - 1 +(^)^||/^|| L2 || 5 f 1 - A,1 |U 2 |lff 2 L2 ' JV2 |U 2 
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If — j < s < and a > — \ we get 

and in the case s > and c > s - 1 we get the same bound, because 



s — 

ex— 



i-i - Nf + 



In any case we thus get 

Case 3. 1 < iV 2 < Ni iV - iV x ). 
Similarly as in case 2 we get the bound 

I^C/^-^,^ 1 '^ 1 ,^ 2 ^ 2 )! < (ii^^i-A^r^ll/^^IUHIsf 1 ^ 1 !!^!!^ 2 ^ 2 !^^ - 

If — \ < s < and rr > — i we get 
and if s > and it > s — 1 we get 

so that we get the same bound as in case 2. 

Dyadic summation in all cases completes the proof of Prop. 12.21 □ 

We also need the following bilinear estimate for our unconditional uniqueness 
result: 

Proposition 2.3. For any e > the following estimate holds: 
\\un\\ x _ c> _ i+ < ||u|| x _i_,a + ||n|| x , , - 



± 

Proof. We use dyadic decompositions as in the proof of Proposition 12. II 
Case 1: Ni ~ N 2 > N > 2 10 . 

We use ([H]). When estimating its first sum we consider different cases using the 
proof of Prop. 4.7]. 
a. L — L max . 

In this case we get the bound 

(LrL^N-i \\f L - N \\ L , \\g^ Nl \\ L * \\g^ " N > \\ L , 

and 

• either N — Ni in which case we have 

(LiL 2 )2Ar-i < (L 1 L 2 L)^N~ 2 ~ ~ {L^L^N^^N^+N - , 

• or NNi < L max in which case we get 



(L^iN--- < (L-lLs^-Lz+N-zN-l 2 n: 



b. L\ — L max . 

In this case we get the bound 



{LL 2 )h Nl 5 \\f L > N \\ L * U uNl \\ L A\9t N *\\L* 
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c. L2 — L max . 

This case is similar as case b. 

The second sum in (fT4"]l is estimated as follows. 

a - L max < N^. 

By [3J Prop. 4.4] for fixed A we get the bound 

1 - 

Summing over 64 < A < 2~ 4 Ni and ji, j'2 and using J2&4<a<N! ^ ~ -^l 2 we 
the bound 

iv-^ivo+iv -^!^)*-]]/^!!^ ibf^Hi, II^IU- 

b. Lmax > Nl 

By [5J Prop. 4.6] for fixed A we get the bound 

A j 2 

-L^max 

< {Ll ^ L) Y A-\ || L2 ll^".*'^ \\ L , 
N? N2 

Summing over 64 < A < 2~ 4 Ni and j'1,,7'2 and using A~^ < 1 we get the bound 
(L lL2 L)i-N°+ H^ivn^ii^^n^n^^n^ . 

Case 2. 1 < 2V X < iV 2 

Similarly as in the proof of Proposition 12 . 21 we have 

\i(f L ' N , 9 ^ N \gt N2 )\ 

Case 3. 1 < N t < N 2 

We have similarly as in case 2: 

\i(f L > N ,9^ Nl ,gt N2 )\ 

Case 4. 1 < N < 1 Ni ~ jV 2 or 1 < Ni, N 2) N < 1) 

By the bilinear Strichartz type estimate [U Prop. 4.3] we get 

T( f L - N n Ll ' Nl r, L ^' N ^\\ 

< C M ^ 2) )HL,L)Hf^\\ L , \\g^ \\ L , \\g^ \\» 

< N-*-N?+(L 2 L)t \\f L > N \\ L * \\g^ Nl \\ L 492 2 ' N2 \\Li ■ 

Dyadic summation in all cases completes the proof of Prop. 12.31 □ 

Proposition 2.4. Assume s > —i,a — 2s< | , a < s + 2 . Then the following 
estimate holds: 
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Proof. With / defined by (TT3|) we have to show 



\I(n,U!,u 2 )\ < \\u 1 \\ xSi i_\\u 2 \\ x3 ,i_\\n\\ xl _^i_ 



Dyadically decomposing as in Proposition 12 . 21 we consider different cases. 
Case 1. iVi ~ iV 2 > N > 2 10 . Fix M = and use (TTU). 

Case 1.1. L max < iVf. 

Using Prop. 4.4] for the second sum in (TT41 we get the bound 

64<A<M 1 
0<ji,h<A-l , 16<|ji-j 2 |<32 

For the first sum in (fl4l we use the proof of [H Prop. 4.7], which gives 

a. in the case L = L max 

• either TV ~ N i and thus the bound 

T(fL,N Lx,Nx,M,h L 2 ,N 2 ,M,32\ 
1 U ; i/l ii/2 / 

• or iViVi < L max and thus 

TffL,N L x ,N u M,h L 2 ,N 2 ,M,h\ 
1 \J j i/l ) i/2 J 

< ^ Cc^)* n^,^,,^ n ^x„^, Wl |U2 n^-^— ,^ | U2 

M 2 jV 2 

^ — : — : — 11/ IU 2 llffi IU 2 llff2 IU 2 • 

b. In the case Li = L max we get the bound 

T(f L - N „Lx,Nx,M,ji L 2 ,N 2 ,M,j 2 \ 

1 \J 1 ill Till ) 

M 2 

c. The case L 2 = L max is similar. 

Thus the first sum in (TH)) can be bounded like the second sum. 
Case 1.2. L meJa; > iV?. 

The first sum in (TT4)) is treated exactly as before, whereas the second sum is 
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estimated using Prop. 4.6] by 



64<A<M Lf nax 

Q<h,h<A-l , 16<|ji— j 3 |<32 
N2N-? 



where we used the estimate 



-(^) 



and ^ 1 • 

Summarizing, we get 

where we used s > — 4 and er < 2s + | to get 

Dyadic summation over N\, iV 2 , N and L±, L 2l L gives the claimed estimate. 
Case 2. N x < N 2 ^ jv (or similarly JV 2 < JVi ~ iV). 
As in the proof of Prop. |2T2"1 we get the bound 

< (LM^-N^+Wf^Wv \\g^ \\ L2 \\gt N2 \\l* 
where we used <t < s + 2 to get in the case s > 

and a < 2s + | to get in the case s < 

iV 2 - 1+ < JV 2 _2 * _1+ JV2-JV|- < Ni'^'N^-N^- < N^- a -N*-N^ , 

which is more than enough to get the claimed result after dyadic summation. 
Case 3. N < 1 (=*> AT X ~ N 2 or AT, A^, jV 2 < 1). 

Assuming without loss of generality L\ < L 2 and using the bilinear Strichartz type 
estimate (U Prop. 4.3] we get 

< \\f L - N 9^ Nl \\ L 49t N2 \\^ 

< miniN^N^N^hHly^U^g^ll^g^h^ 

< NT* Li \\f L > N \\ L *Lj || 5l LlJVl \\gt N2 \\& ■ 
Furthermore we get by [H formula (4.22)] 

\I(f^,g^ N \g^)\ < Li\\f L > N \\ L2 Lj\\g^ N ^\ L2 Ll\\gt N2 \\L* , 
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so that by interpolation we arrive at 

\I(f L ' N , 9^,9^)1 

< Nr> + L^\\f L < N \\ L2 Lj + \\g^\\ L2 Ll + \\gt N2 \\L> 

< Nt-N'-N 1 -'-^- 11/^11^4+ II^'^II^LI+H^^IU,, 
using s > —j . Dyadic summation again gives the claimed result. □ 

Proof of Theorem It is by now standard to use Proposition 12.21 and Propo- 
sition 12.41 to show the local well-posedness result (Theorem for the system 
(HI),©,© as an application of the contraction mapping principle. For details of 
the method we refer to [7]. This solution then immediately leads to a solution of 
the Klein-Gordon-Schrodinger system (HJ) , dHJ) , dHJ) with the required properties as 
explained before Theorem ll.il 

Moreover, if (u,n,dtn) is a solution of (the system of integral equations be- 
longing to) ©,©,© with u £ X s '^+[0,T} and data u £ H s , n £ H a , n x £ 
H a , then n± defined by © belongs to X±* + [0,T] by Proposition and thus 
n = \{n+ belongs to X+ ^ + [0, T] + Xl^ + [0, T] and d t n = ^Ai(n + ~ n -) 

belongs to XT 1 ' 2+ '[0,T] + X a _ 1,2 + [0,T] , and one easily checks that (it, n+,n_) 
is a solution of the system (of integral equations belonging to) ©,©,©. But 
because this solution is uniquely determined the solution of the Klein - Gordon - 
Schrodinger system is also unique. 

For the part concerning unconditional uniqueness we use an idea of Y. Zhou 
[11|.[12|. which we already applied in (TU1 Prop. 3.1]. Let 

(u,n,d t n) £ C°([0,T],£ 2 (M 2 )) x C°([0, T], L 2 {R 2 )) x C°([0, T], iZ" _1 (K 2 )) 

be any solution of the Klein-Gordon-Schrodinger system ©,©,©. This leads to 
a corresponding solution of the system ©,©,© with 

(u,n+,n_) £ C°([0,T],L 2 (R 2 )) x C°([0, T],L 2 (R 2 )) x C°([0, T], L 2 (R 2 )) . 

By Sobolev's embedding theorem we get 

\\n±u\\ L 2 {{0XhH -i- ) < [[n±u[| i 2(( 0)T)ii i) 

^ T' ! ]|«±IU'»((0,T) ; Z, 3 )]|w||ioo(( 0)T ) iZ ,2) <oo. 

so that from © we have »£l _1_,1 [0,T] , because 

\\(idt + A)u|| 2 2(( i t),h- 1 -) + IMIl 2 ((o,t), h- 1 -) ~ II u IIx"- 1 -. 1 [o,t] < 00 ■ 
Interpolation with u £ -X"°'°[0,T] gives u £ X~^~'^ + [0, T}. Similarly we get 

\\W\ 2 \\m(o,T)M-i-) < T 'llw|lioo ((0iT):i 2) < oo 

and from © we conclude n± £ X^T' 1 ^^} . Proposition 12.31 shows that un± 
£ X- £ >-5 + [0,T], thus u £ X- £ ^ + [0,T] and n± £ X [0,T] for any e > 0. But 
in these spaces uniqueness holds by the first part of this proof, so that unconditional 
uniqueness is also proven. □ 

3. Global well-posedness results for the case D = 2 

We first show a modified local well-posedness result in arbitrary space di- 
mension D. 
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Proposition 3.1. Let u a 6 L 2 (R D ) , n € H a (R D ) , n x € iP -1 ^ ) and T < 1. 
Assume 

IMI x o,- 4+ <T , ||u|| Jc0 , 4 ||n|| jr „ 4 (15) 



and 



M 2 || xr ,_i + <T fe |H| 2 x0)i , (16) 



where k,l > 0. 

TTien i/iere exists 1 > T > smc/i i/iai i/ie system of integral equations has 

a unique solution u S X°'2 + [0,T] , n± G JT±' 2 + [0,T] . 
n± fulfills for < t < T : 

\\n±(t)\\H° < ||n±o|k- +cr fc || Uo |||2. (17) 
T can fee chosen such that 

T l (\\n +0 \\ H * + ||n_ |M < 1 (18) 

r'lKIU' < i (is) 

T fc ||^o[U= < 1 (20) 
T k \\u \\ 2 L 2 < Hn+olk' + lln-ollff-. (21) 

Remark: No implicit constant appears on the right hand side of (TTT1) . 

Proof. We construct a fixed point of S — (So, S+, S-) in 

M: = {u€X°'i + [0,T},n±€X^ + [0,T}: 

IMI x o,i+ ^ IKII^ , ||n+||^,i+ + ||n-H x ..i+ < ll^+ollff- + ||n_ ||ff4> 

where Sow and S±n± denote the right hand sides of our integral equations (0 and 
®. Then we get for u, n± € M: 

l|So«|| A .o. i+ < \\u \\ L 2+T%\\ xO ^\\n + \\ i+ + \\n^\\ i+ ) 

< ||u || i a+T I ||«o||ii>(||n+o||ira + ||n_o||H-) < ||«o|U« 

by and 



||S + n + || i+ + ||5_n_|| i+ < ||n+o||^ + ||n-o||^+r*||«r , 



+ 



< ||n +0 ||^ + ||n_ || ff .+T fc |K||! 2 

< Hn+ollff" + IK-ollij" 

by |[2T|). such that 5 : M -> M . 

In order to show the contraction property we estimate as follows. For (u, n±), 
(u, h±) € M we get 

II-Squ- 50^11^0,1 + 



< T ; (||u - u|| W+ (IKII^,i + + ll"+H x -i+ + \W-\\ X ^ + + \\n-W 
+(\\u\\ x0 ,i + + \\u\\ x o,$+)(\\n+ - n+\\ x<r .i + + \\n- - + 

< T\\\u - u|| x o,^+(lk+o||H" + lk-o||ff- 
+||u |U=(||ra + -n+|| i + + ||n_ -n_|| i + )) 

< ^(ll"-'"ll x o, 4 + + ll n + + \\ n - -n-\\ x „,i+) 
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by HI]) and {19]). Similarly 



\\S+n+ - S+h+\\ i + + ||5_n_ - S-fi-\\ i +) 

< r fc (lkll x o,^ + + N x o.i + )||u -511^0,4+ 

< T fe |KIU2|| u -{(|| x0 , i+ 

by (|2T)1) . Thus the contraction mapping principle gives a unique solution in [0, T]. 
This solution fulfills ||u(i)||£2 = ||u ||l 2 - 

Moreover we get from the integral equations ([5} for < t < T: 

\\n ± (t)\\ H , < \\n ± o\\ H ° + cT fc ||u||^ 0i4+ < ||n ±0 ||^ + cT k \\u \\ 2 L2 , 
i 

using that e TttA 2 is unitary. □ 

This version of the local well-posedness result will now be used to show the 
global well-posedness result Theorem 11.31 We first show 



Proposition 3.2. In space dimension D = 2 assume —\ < a < | and T < 1. 
Then the estimates 111 5)) and H16]) hold with 1 > k, I > j— and k + I > | — . 

Proof. We estimate / (defined by (fT3"|) ) by Holder's inequality and Sobolev's em- 
bedding: 



\I(n,u 1: u 2 )\ < |MU?z,~ll«i|Ufz,jll«2||z,?z,2 ^ ||n|| ||ui|| o,i ||m 2 || ,i 

■A J_ 



Thus 



\\un\\ x0t _i < \\u\\ x0 ,i ||n||^ 1+ ,i 



This implies by Lemma 1 1.1 1 

IM| x o,-i+ 

< Ti-|| U n|| x0i _ 4 <Ti-||u|| x0 ,i||n||^ + ,i <T 1 -||«|| ;fG , 4 _[[n[| jci+i4 . 

Moreover by Proposition 12. II 

IMI x o,-i + < T^-\\un\\ x0 ,_s__ 

< r4-||«|| x0 . A+ ||n|| x _ i<A+ <ri-||«|| w _||n|| ;rrii _ 

Interpolation gives for < 9 < 1 : 

ll«n|| JC o.-i + <T 1 -i fl -||«|| Jc0 , 4 _||n|| jc ,_ # . ii _. 



By duality we also get 



\ u \ 2 \\ x ie-i,-i+ % Tl ~ Ze ~\W\\ x o,i- 



If — I < a < 1 we choose 9 = |(1 — a) and get 
"un|| - i + <Ti + *-||u||„„i_||n| 



• If 1 < a < | we choose = and get 

IMI x a,-i+ £ ^"IMI^o,*- INI^i,*- ~ Tl ~W U W x o,i- Nl^.*- 
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• If — ^ < u < we choose 9 = and get 

||H 2 || w+ <||M a || ^t^ni'^. 

• If < cr < | we choose # = |<7 and get 

IIM 2 ll Jcrl ,-i + <T 1 -*H^ 0i4 _. 

Thus we conclude that (fT51).(H51) hold: 



• if -\ < cr < with fe = i + |-,i = l-^fc + / = | + |->|-, 

• if < a < 1 with fe=| + |-,/ = l-|-=^A; + Z = |-, 

• if 1 < o- < | with fc = 1— , i = 1 — § — fc + Z = 2 — f + > f — • 

□ 

Proof of Theorem \1.3\ By persistence of higher regularity it suffices to consider 
the case s = and — % < f < §• We first use our local well-posedness result The- 
orem [TTT] which gives under our assumptions a local solution. Because ||w(t)||j,2 is 
conserved this solution exists as long as ||n+(i)||iy + ||n_(t)||jj<r remains bounded. 
If this is the case for any t > we are done. Otherwise we can suppose that at 
some time t we have 

\\n + {t)\\ H „ + \\n-(t)\\ Ha » ||u(t)||£ a + 1 = ||«o||| a + 1 ■ 

Take this time as initial time t = so that 

||™+o||if + ||n_o||H" » ||«o||ia + 1 . 

We want to apply now our modified local well-posedness result Proposition 13.11 
The estimates ((13 and are fulfilled by Proposition EH] with k + I > §- > 1 
and 1 > k, I > |— . Estimate (T5TJ) is also fulfilled. We now choose T such that (fT%|) 
and l|20p are satisfied, namely 

r • ( 1 A 

1 ~ mm , — , 1 . 

V(||n +0 ||ff- + Wti-qWh-) 1 || Uo ||| a ) 

Then ([19)l is automatically satisfied, because (IT8|) holds and ||n +0 ||H^ + |n—o||_w > 
||-u ||l 2 - Using (fT?)) we see that it is possible to use this local existence theorem m 
times with intervals of length T, before \\h° + l^-WII/f" a t most doubles. 

Here we have 

ll^+ojjg; + \\ n -o\\H° 
T k \\u a \\l 2 

After m iterations we arrive at the time 
T^dln+oll^ + ||n_o||H-) 



mT 



ll"+ol|g°- + ll"-ol|g^ ll"+o II if °- + II"-o||h°- ||„ ii , ||„ ii \ 

min^ — , j-rir , nn+ollij" + Hn-oll^J 

(lln+ollij^+lln-olU"-) 1 \\u \\ J 



min( 



ll«o|lia 

(lln+ollfl-- + ||™-o||ff-) i± ^ J ' lh+o|k- + II"-o||h° 



112 ' i n 



\\n+o\\H" + ||n-o||g° 
IKI' 2 



> min( 5-r, 1) 



L 2 

1 

3+ • 
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using k + l > 1 , k > 4— and ||n+o||ff" + H^-oIIh" ^ ll^ollla • This is independent 
of lln+ollj?" + || n -o II J?" ■ Using conservation of ||u(t)|| i 2 again it is thus possible to 
repeat the whole procedure with time steps of equal length. This proves the global 
existence result. 

In the range — \ < <r < j we can give a much easier proof using Strichartz' 
estimates for the Klein-Gordon equation as follows. In order to estimate the wave 
part we get from the integral equation ©: 

||n±IU~((o,T),H<o < ||n±o||H- + IH w l 2 |l i f- ((0)T)jHCT+ p,i +) 

where we defined q = 4+ , f = oo— such that 1 + 4 = |, and moreover = 
1 + p - 2(| - 4) + 4 ^> p = -\+ , so that a + p < . Thus by Sobolev's 
embedding and conservation of ||M(t)|| L 2: 

\\n±\\ L ^((o,T),Hn ~ Ihiolk" + II M 2 !!^-^)^!) ~ ll^iolk" + t^\\u \\ 2 l2 

which implies global existence. □ 

Proof of Theorem \1.4\ for D — 2. Using persistence of regularity it suffices to con- 
sider the case s = 0,0<<7<1. Let T < 1 and ^ + 7 = 5 , r < 00. Using the 
notation from the proof of Proposition 13. II we get by Strichartz' estimates for the 
Schrodinger equation: 

l|So«||L~((0,T),L 2 )nL<J(( ,T),L'') ^ I|wo||l 2 + IMLf ((0,T),L f ') 

^ ll^olk 2 + \\n\\m(0,T),L-)\\u\\Lio{(O.T).L'-o) ■ 

Here — := | — e and — ^ = e for a sufficiently small e > 0. 
a. 0<°ct<1. 

Here ^ = | + f+e, i = i-f-e,^ = l-f -e,i = f + £ ,so that | + 4 = |. 
Choose i = 4 - f , so that ii£ C L f x and 4 = 4 + |. Then jj = \ + i and 
■4 = 4 + — . Thus we get the estimate 

q' q qo ° 

||5 , ow||i~((o,T),L 2 )ni9((o,T),i'-) < II u o||l 2 +7 l2 + 2 ||n|| i oo(( n!T ) iffCT )||u|| L , (( 0T ) iL r 0) 



< 



||mo|U 2 + T2 ||n||L°=((0,T),H")||w||L<!o((0,T),L''o) , 



because T < 1. 
b. cr = 1. 

We choose 4 = e,Jr = |,4 = 0,i = l,i = l-e, so that again 4 + 4 = 4 , 
4 = 4 + ^,47 = 4 + ^- and H" C LL We thus get the estimate 

r' r ro ' q q qo x 

\\Sou\\L°°{(0,T),L 2 )nLi({0,T),Lr) < II"o||l 2 + T ~ e ||«||.L«*>((0,T),.H^) ||u|| i «o((0,T),i'-o) 

< II u o||l 2 + 7" 2 ||n||ioo(( 0) T) ,w)I|w||lto((o ,t),l*-o) ■ 

Moreover 



||S , ±n ± || iO o(( 0> T),H<') < ||"-±o||ff" + c|||u| ||ii((0,T),ff"-i) 

< ||«±o||h- + c||u||l 2 ((o,t),l 2 p) 

< ||n±o||K" + cT 1 ~'S ||w||z,«(( ,t)+'-i) 

< UniollH" + cT ^\\ u \\lh((0,T),L'-i) , 

where 4=1 -S=k, so that IZ C H^ 1 , and — = 5 — ?, — = ?, so that -4- + -4- = 

p 2 2 7 33 x ' n 2 4 ' qi 4 7 qi ri 

2 . Giving similar estimates for the differences 5qw — and S±n± — S±h± and 
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choosing T subject to the conditions 

T5(||n +0 ||j^ + ||n_o]k<0 < 1 (22) 

r*||uo|U' < 1 (23) 

^Ikolll^ < ||n+o||^ + ||n_o|| ff - , (24) 

then Banach's fixed point theorem shows that there exists a unique solution of our 
system of integral equations ©»© on [0, T] such that 

MlL~((0,T),L 2 )nLs((0,T),L'') i$ II w o||l 2 

and 

||n±||L-((o,T),jr-) < \\n±o\\H*+cTi\\u \\ 2 L2 . (25) 

Using conservation of mass we have ||w(£)||i,2 = ||mo||l 2 : an d thus get a global 
solution unless we have after a number of iterations 

l|n+(*)lk' + l|n-(*)lk- » Wl> + 1, 
which we thus may suppose. Take this time as initial time t = so that 

lln+ollfl-" + lln-ollij" » ||wo||ia + 1 • 
Then ((24)) is automatically satisfied. Using ((22]) we choose 



T ^ ~ 71 fi — ii ii • (26) 

lln+oll/f- + n_ 



Then ((23)1 is also satisfied. By ((25)) we see that after m iterations of size ((26)) the 
quantity ||n + o||ff CT + I'^-oHif at most doubles, where 

lln+ollff" + |k-o||iy 



Ti\\u \\h 



H 2 

The total time after m iterations is 

mT ^ t ^\W+o\\h" +\\n- \\ H « 1 



ll«o||£, IKH 2 L2 ' 

by , which is independent of ||n±o II H" ■ We can now repeat the whole procedure 
with time steps of equal length, thus leading to a global solution. □ 

4. Global well-posedness results for the case D = 3 

We generalize the argument of Colliander-Holmer-Tzirakis [5] for data uq G 
H s , uq G H a , n\ G H a ~ 1 from the case a = s > to the region s > , 
s- \ < a< s + 1. 



Proof of Theorem \1.4\ for D — 3. Using persistence of regularity it again suffices 
to consider the case s = ( 
the 2D case we estimate 



to consider the case s = 0,0<er<l. Let T < 1 and | + f = § ■ Similarly as in 



\\Sou\\ L oo^ ,T),L^)nLi((0,T)M) ~ IKIU 2 + l!«w|| i? ' ((0jT)ii r') 

< ||u ||l 2 + II«IU?((o,t) : l-)I|w||l4((o,t),l3) 

< ||u ||l 2 +r^ + ' 2l ||n|| i oo ((0!T) ^^ ) ||M|| L 4 ((0iT)ii 3 ) . 

Wprp -L — I -I- 2- J_ — i — 1 — 1 — Z (-K I — I _ Z i - 1 J. £ nnH 
iieie — 2 ^ 2 ' f — 6 3 ' r — 2 3 <j — 2 2 ' f — 6 ' 3 

C L r ), so that 1 + 1 = 1 , thus Strichartz' estimate applies. Furthermore we 



18 



HARTMUT PECHER. 



define 4 = j + | so that |7 = | + 3 > and also F = 4 + ± so that Holder's estimate 
applies. Moreover 

||5±n±|| i oo((o i r),H-) < ||"-±o||h" + c\\\u\ 2 \\l 1 ((o,t),h<'~ 1 ) 



< 



\\n±o\\H" + c\W\\h((0,T),Lip) 



< \\n±o\\ H ° +cT* ° 2 \\u\\\ qo({OT)Lro) , 

where ± = f - f , so that IP X C H%~ x , and £ = ±, ^ = \ + f , so that 
^ + ^ = 3 + § + f ~ § = 1 ■ Giving similar estimates for the differences Sou — Squ 
and S±fi± — S±h± and choosing T subject to the conditions 

Ti+f(|| n+0 || ffCT + ||„_ ||^) < 1 (27) 

r i+ *||«o||i» < 1 (28) 

r*~*||«o||i» < 1 (29) 

T i+ ^\\u \\ 2 L 2 < |]n+o||^ + ||n-o|k- , (30) 

then Banach's fixed point theorem shows that there exists a unique solution of our 
system of integral equations (O,© on [0,T] such that 

MU°°((0,T),L 2 )nL9((0,T),L'') S \\ u o\\l 2 

and 

||n±IU~((o,r),ff<0 ^ l|n±o||H-+cri-*||«o||i2. (31) 
Using conservation of mass we have ||u(t)||i2 = ||mo||l 2 : an d thus get a global 
solution unless we have after a number of iterations 

l|n+(*)ll** + l|n-(*)lk- »Wi2 + l, 
which we thus may suppose. Take this time as initial time t = so that 

\\n+o\\ H ° + ||n_ ||ff» > IKIH2 + 1 ■ 
Then (f5U|) is automatically satisfied. Using (|2"?| we choose 

T3+f 1 . (32) 

||«+o||fl-" + \\n-o\\Hc 

Then (|2"8j) is also satisfied, because ||uo||i 2 *C ||n +0 ||//^ + ||n-o||ff<» and 

(T*-f HuolUO 3 < (^Huolli-) 3 « Ti(\\n +0 \\ Ha + ||n_ || ff -) ~ T*T-<i+f) < 1 , 

so that (|2"9"]l is also satisfied. By (I5T1) we see that after m iterations of size (|52")l the 
quantity ||n+o||jj" + H^-ollif 7 at most doubles, where 

IK+olliT" + Ik-olli?" 
m ~ 5 — . 

Tl-*\\uo\\h 

The total time after m iterations is 

||iHo||h" + llw-olli?" 1 



|w ||?2 IKK? 



lL2 II "0 Ilia 

by (J22) , which is independent of ||n±o||// CT • We can now repeat the whole procedure 
with time steps of equal length, thus leading to a global solution. □ 

Proof of Theorem \1.5\ Using persistence of regularity it suffices to consider the 
case s = , — ^ < er < 0. Using the local wellposedness theorem [TUJ Theorem 1.1] 
and conservation of mass we only have to give a bound for \\n(t) \\H« + \\dtn(t)\\ H <r-i . 
We use Strichartz' estimate for the Klein- Gordon equation and get 

IMU°°((0,T),ff") ^ IKIIff- + IKHff—i + ll|w| 2 |li4'((o,T),ff- + P.-') . 
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where r = oo- , q = 2+ , so that I + i = | . Moreover = 1 + p - 3(| - I) + I 
<^=^ p = 0— . Thus Strichartz' estimate applies. By Sobolev's embedding we have 
L^M 3 ) C H p+a ' f ' (M 3 ) = H a -' 1+ (E. 3 ) . Thus we arrive at 

IMU'»((o,T),ff<') S IK Ik" + IK|| ff »-i + \H\l*-{{o,t),l') 
< \\no\\H- + TH|| Uo ||2 2 . 
Similarly ||9t7i||ioo((o,T),fl' <r - 1 ) can be estimated. □ 
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